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The excitation spectrum of a Bose system of hard spheres is obtained in a high-density calculation includ­
ing multiple scattering processes. The hard-sphere interaction is represented by a non-Hermitian pseudo-
potential constructed in a previous work, and the T-matrix method of Brueckner and Sawada is adopted 
with modifications to take into account the non-Hermitian property of the Hamiltonian. The inclusion of 
multiple scattering is found essentially to give a screening effect to the two-body interaction in a many-body 
medium. The screening factor is studied within certain approximations and is shown to play a very im­
portant role in determining the shape of the excitation spectrum. The effect of depletion of particles from the 
zero-momentum state due to particle interaction is also included in a self-consistent way and is found to be 
very small. The calculated spectrum is then applied to liquid helium and there is a good qualitative agree­
ment with experiments. Especially, a roton-type dip exists in the spectrum. 

I. INTRODUCTION 

THE problem of elementary excitations in liquid 
helium II was first attacked by Landau,1 who 

postulated the existence of phonons and rotons from a 
study of its thermodynamic behavior. The general 
features of the excitation spectrum proposed by Landau 
have been borne out by subsequent experiments in­
cluding a recent direct measurement of Henshaw and 
Woods2 from inelastic neutron scatterings. 

As Landau's phenomenological treatment is not satis­
factory from the theoretical point of view, many authors 
have attempted to derive the spectrum from first 
principles. Feynman,3 and later Feynman and Cohen,4 

assumed a variational wave function and derived a spec­
trum in fairly good agreement with experiments. How­
ever, a more rigorous approach by statistical calcula­
tions using a model interatomic potential is desirable. 
Work along this line was first initiated by Bogoliubov,5 

and later extensively developed by Lee, Huang, and 
Yang.6 But all these calculations are valid only for a 
system with density much lower than that of liquid 
helium, and the spectrum they obtained consists only 
of the phonon part. 

Brueckner and Sawada7 (B-S) applied the Lippmann-
Schwinger8 T-matrix method to a hard-sphere boson 
system with high density, and made a calculation of the 
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spectrum which is in fair qualitative agreement with 
the experimental results. However, they did not allow 
for the depletion of the zero-momentum state due to 
particle interaction. Parry and Ter Haar9 included this 
depletion effect under the B-S framework and found that 
the dispersion curves no longer bend over; thus, even the 
qualitative agreement with experiments achieved by 
B-S is lost in a more careful consideration. In addition, 
if an attractive tail is added to the hard core, even 
poorer agreement was found. Hence, Parry and Ter 
Haar concluded that the hard-sphere boson gas is not 
by any means as good a model for liquid helium as has 
been assumed. However, their conclusion is based on 
the treatment of the hard-sphere interaction by B-S 
as a screened delta-function potential. In other words, 
their hard spheres can still penetrate into each other and 
the effect of this penetration in a boson system has not 
been investigated. 

To represent the nonpenetrating hard spheres, we 
(LL and KWW) constructed a two-body pseudopoten-
tial in a previous work.10 This potential was then used 
to evaluate both the ground-state energy and the exci­
tation spectrum for a dilute Bose system. The spectrum 
obtained then had a good resemblance to the Landau's 
curve after we made the following unjustified assump­
tions: The formula of the spectrum derived for the low-
density gas is applicable to liquid helium, but due to 
multiple scatterings in such a dense medium the inter­
action strength is expected to increase and thus was 
arbitrarily boosted to make the slope of the spectrum at 
k—Q compatible with the measured sound velocity. 

In this paper we like to report a calculated excitation 
spectrum for a high-density system. The hard-sphere 
interaction, which represents the core part of the inter­
action potential between two helium atoms, is replaced 

9 W. E. Parry and D. Ter Haar, Ann. Phys. (N.Y.) 19, 496 
(1962). 

10 L. Liu and K. W. Wong, Phys. Rev. 132, 1349 (1963). 
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by a two-body pseudopotential discussed in Ref. 10. 
The T matrix, as developed by B-S, is adopted with 
modifications to take into account our non-Hermitian 
potential. I t is found that the inclusion of multiple scat­
terings in the T matrix gives essentially an enhance­
ment to the effective two-body interaction in a many-
body medium. Thus, the excitation spectrum obtained 
has the same analytical form as the one we derived for 
the low-density gas in Ref. 10, but the parameter char­
acterizing the interaction strength does get enhanced. 
In other words, the arbitrary assumptions we made are 
justified by the present investigation. 

The effect of depletion of particles from the zero-
momentum state due to particle interaction is also 
taken into account in a self-consistent manner and is 
found to be very small. The spectrum using the param­
eters pertinent to liquid helium agrees qualitatively well 
with the experiments even after the depletion effect is 
included. 

The paper is organized into six sections. The next 
section gives the effective Hamiltonian in terms of T 
matrix. The integral equation of the T matrix is then 
solved for hard spheres in Sec. I l l , which also contains 
a study of the screening factor. Section IV treats the 
depletion effect. The excitation spectrum using param­
eters pertinent to liquid helium is studied in Sec. V and 
the last section involves a general discussion. 

II. EFFECTIVE HAMILTONIAN WITH T MATRIX 

We start with the second-quantized Hamiltonian of a 
system of interacting bosons enclosed in a box of 
volume 0. 

F=E(* 2 * 2 / 2w)a k *a k 
k 

+ § 2Z ^kik2,k3k4#ki*#k2*#k3tfk4, (2.1) 
ki,k2>k3,k.4 

where ak* and ak are the creation and annihilation oper­
ators of a boson with mass m and momentum fik. 
T/k1k2)k3k4 is the matrix element of the two-body poten­
tial taken with respect to a basis set of plane-wave 
states, 

Fk l k 2 i k 3 k 4=— / dH^Xze-^'^e-*™ 

XVI Yy — Wk3-Xleik4'« 
\ drj 

=-5klk2,k3k41 foe-***-™-* 
£2 J 

XV\r,— Wkr-k*>", (2.2) 

where r=Xi—X2 is the relative coordinate between the 
two particles at positions xi and x2, and the Kronecker 

Fi - H • 8 
k, k 2 k, k2 I \ 

k, k2 
FIG. 1. Graphical representation of the T-matrix equation. 

The interaction V is represented by dashed lines. 

delta function <5klk2(k3k4 expresses the conservation of 
total momentum. 

In our previous work on dilute gas,10 we replaced the 
creation and annihilation operators for zero-momentum 
states, #o* and a0, in (2.1) by a c number, and diagonal -
ized the part of Hamiltonian bilinear in ak* and ak by 
a Bogoliubov5 transformation to get the ground-state 
energy and the excitation spectrum. In perturbational 
language, this procedure is equivalent to summing up 
diagrams in the random-phase approximation. How­
ever, for a high-density system, we have to go beyond 
the random-phase approximation and take into account 
more diagrams describing multiple scatterings. We do 
this by following B-S, and express the result in terms of 
an effective Hamiltonian, 

HQU — ^NQ{NQ— l)^oo,oo 

+ E {t(m*/2m)+No(ToKM+ ? V k o - r00,oo)] 
k^0 

X ak*ak+|7\^o(rk_k)oo«k*^-k* 

+ 7"oo,k-k^ka_k)}, (2.3) 

which contains the occupation number in zero-mo­
mentum state, iVo, as a result of replacing a0* and #0 in 
H by (No)l/2. In (2.3) the Lippmann-Schwinger scat­
tering matrix T plays the role of an effective inter­
action, and it satisfies the integral equation, 

7\1k2 ,k3k4= : := ^ k i k 2 , k 3 k 4 

k3'k4', k3k4 j (2.4) 
k3'k4' 

where G is the propagator for the intermediate pair of 
particles. To facilitate easy visualization, a diagramatic 
representation of the jT-matrix equation is given in 
Fig. 1. 

In general, a Hamiltonian of the form of (2.3), which 
is bilinear in ak* and ak can be diagonalized by a 
Bogoliubov6 transformation 

bk= (l-ak
2)-i/Vk+c*ktf_k*), 

^ k = ( l - a k
2 ) - 1 / 2 ( ^ - k + a k a k * ) 5 
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with a proper choice of the parameter a*. However, 
Hea in (2.3) may not be Hermitian if we are going to 
use a non-Hermitian pseudopotential for V. To deal 
with a non-Hermitian Hamiltonian, we follow Wu's11 

method in considering the expectation value with re­
spect to a left-hand state vector different from the right-
hand counterpart, each determined by a different «k. 
For the right state, ak is chosen to be 

(m2/2fn)+N0Tk 
« k = 

A^oToO.k-k 

where TV is a short-hand notation for the following 
combination of ^-matrix elements 

7\=!Fok,Ok+^Ok,kO~~ ^00,00 • (2.7) 

For the left state, ak is given by the same expression 
(2.6), only with ZVk-k and Tk-k.oo interchanged, or 

« k = ( ^ 0 0 , k - k / ^ k - k , O o ) « k - (2.8) 

With the distinction of left and right states, we write 
down the part of Heu which gives nonvanishing ex-
expectation values with respect to left and right Bogoliu-
bov states, 

ffe« = E o + £ £ ~ ( A ) * k * k . (2-9) 
k^O 

The ground-state energy E0 and the excitation spec­
trum Eex(k) are given in terms of the T-matrix elements 
as follows: 

£ o = i ^ o ( ^ o - l ) r 0 0 i o o + i E [_(m'/2m)+N0Tk] 

" 1 L [iv0rk+(*2*V2w)?J ) ' 
and 

EeM=[(N*Tk+{my2tn)y 

-WT^ooToo^J'*. (2.11) 
Now, we only have to solve for the T matrix in order 

to obtain the excitation spectrum. 

III. T MATRIX FOR HARD SPHERES 

For two-body hard-sphere interaction, we can replace 
the boundary condition imposed on the two-particle 
wave function by a pseudopotential introduced in 
Ref. 10, 

Vlr, —\= Km(fi2/ma)8(r~aX(d/dr)r ) r ^ + 6 , (3.1) 
\ drj e-*° 

11 T. T. Wu, Phys. Rev. 115, 1390 (1959). 

where a is the diameter of the hard sphere and e is a 
positive infinitesimal quantity. Note that the Dirac 8 
function is centered at r=a while the derivative is to be 
evaluated at r=a+e. We refer to Ref. 10 for the con­
struction of this pseudopotential and to Sec. VI of the 
present paper for a discussion concerning its validity. 

The matrix element of V(r,(d/dr)) can be evaluated 
straightforwardly from (2.2), and it depends only on 
the relative momentum. Introducing |(ki—k2) = k ;, 
|(k3—k4) = k and dropping the Kronecker delta func­
tion, we obtain 

Vi(k,'k) = {±Trh2a/m,ti)ji(k'a) 

Xtii(ka+ke)+k(a+e)ji'tia+ke)l, (3.2) 

where ji is the spherical Bessel function and j{ is its 
first derivative with respect to its argument, and Pi 
is the Legendre polynomial. 

We substitute this hard-sphere potential into the 
integral equation for the T matrix in (2.4) and try to 
find its solution. Since the propagator for the inter­
mediate pair of particles, G, in (2.4) depends on the dif­
ference between the energies of the intermediate and 
the initial states of such a pair, which in turn depend on 
the T matrix, the equation is a complicated nonlinear 
integral equation. However, it can be solved if we make 
certain approximations concerning G, which will be 
stated as we go along. 

We follow B-S and assume that the motion of the 
center of mass of the pair in G can be separated. This 
approximation should be very accurate as long as the 
relative momentum of the typical excited state is large 
compared to the total momentum. Parry and Ter 
Haar9 actually performed some calculations and their 
results seem to suggest that this center-of-mass ap­
proximation is unlikely to cause a large error. Us­
ing this approximation and relative momenta k, k' and 
k"=J(k3 '—k/) , we can rewrite (2.4) as 

ZV.k= F k ' . k + E Fk ' ,k"G(k",k)7V,k . (3.3) 
k" 

Based on the fact that our partial-wave matrix ele­
ment Vi(k',k) in (3.2) is separable in k' and k, we make 
a partial-wave decomposition of 2V,k which is also 
separable in k' and k as follows: 

2V, k = f:(2t+l)ji(k'a)Tt(k)Pi(k'-k). (3.4) 
z=o 

Substituting this into (3.3) with X)k" replaced by a 
corresponding integration over k", and assuming no 
angular correlation between k and k" in G(k",k), we 

X I 
tfo*r, 

l — 
k-k,0(M 00,k—k 

[_{W/2m)+NoTkJ. 
(2.6) 
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obtain 

Tl{k) = Nl{k)/Dl(k), 

Ni{k) = Ui(ka+ke)+k(a+e)j/(ka+ke)l, 
mQ (3.5) 

A(*) = l-
0 

2TT2 
/ dk'k'2ji(kfd 

Jo 
)Nl{kf)G{k,

ik). 

From (3.4) and (3.5) we obtain the solution for the T 
matrix, 

ZV,k= E ( 2 / + l ) P , (* ' -*) , (3.6) 
J-O A(* ) 

and Di(k) can now be written simply as 

£>,(£)=! <PVVi(k',k')G(k'#). (3.7) 
(2TT)3 y 

The physical meaning of Eq. (3.6) is very transparent; 
the two-body partial-wave potential Vi(k\k) given in 
Eq. (3.2) is screened in a many-body medium by a 
screening factor Di(k). Now our problem of solving the 
T matrix is reduced to rinding a solution for this 
screening factor. 

If we further replace the pair propagator G(k',k) 
according to B-S by a propagator G(kf) with the two 
particles taken initially from the zero-momentum state, 

G(*') = -L2NoTv+(m'*/tn)Jr1, (3.8) 

then the screening factor Di becomes momentum-
independent. 

The combination of the T-matrix elements 7 \ in­
volved in G(k) now takes the form 

^irfi2a f jiihka) 
Tk= Z 2(2/+1) Uidka+ike) 

+i* (a+€) i , , ( iAa+J*6) ] - ( l /Z>o) ) . (3.9) 

Hereafter, we shall make an approximation that Di is in­
dependent of angular momentum and is replaced by its 
s-wave value, or A ~ D 0 . This has been shown by B-S 
to be a good replacement at high density in connection 
with a similar quantity. This simple replacement allows 
us to perform the summation over / in (3.9) and the 
result is 

2wfi2a 1 /sinka 
Tk= [ \-co$ka 

DA m^l ka ) • 

(3.10) 

In (3.10) we have already taken the limit e —-> 0, and this 
will not affect any of our later results. Substituting 

(3.10) into (3.8) gives 

-m2 

G(k) 
L m 2mD0\ 

sinka 
•coska) (3.11) 

2mD0\ ka 

where k0
2 is denned as 

ko2=&irapo, 
with 

Po^No/Q. 

Then, Eq. (3.7) with 1=0 constitutes an equation for D0, 

2a 

(3.12) 

(3.13) 

D0=l+ lim dk 

* 

sin&a 
X ( k2 cosk(a+e) 

ka 
/ k2+ +COS&*) I 
/ L 2D0\ ka 11/ 

(3.14) 

We should point out that the limit e —> 0 and the inte­
gration in Eq. (3.14) can not be interchanged. Treating 
the limiting process carefully, we can rewrite Eq. (3.14) 
in terms of the following dimensionless quantities, 

x — tea« 

A2EEE*0
2 /A), 

as 

x0< 

A2 

l r 

T Jo 
dx-

x sin2# 

x2+§A2((sinx/#)+cos#) 

(3.15) 

(3.16) 

This equation expresses A2, or the screening factor D0, 
as a function of a3po. The integrand in the above integral 
is regular so long as A2<20 and can be evaluated 
numerically; the results are given in Fig. 2. The value 
of Do in the present approximation is nearly 0.5 for all 
densities except zero density (for which DQ—*1) as de­
duced from Fig. 2. In other words, the effective two-
particle interaction strength is almost doubled when 
they are put into a many-particle system. 

IV. DEPLETION EFFECT 

We recall that a constant No enters into the effective 
Hamiltonian in Eq. (2.3), as a result of the replacement 
of #0* and a0 by (A^o)172 in the original Hamiltonian (2.1). 
Because of this approximation, the Hamiltonian no 
longer commutes with the number operator 2Zk #k*#k; 
in other words, the total number of particles is no longer 
conserved. However, to make the calculation self-
consistent, we still have to relate No to N, the total 
number of particles under the same approximation 
scheme. This is the aim of this section. 

In Sec. II , we have diagonalized the effective Hamil­
tonian, Heiij by a Bogoliubov transformation of the 
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FIG. 2. Dependence of the interaction strength A2 on the density 
XQ2. The definitions for xj* and A2 can be found in the text. The 
screening factor Z>0 can be obtained from Z>0 = #o2A2. 

form of (2.5). This is equivalent to choosing the follow­
ing right and left ground-state vectors of Hea: 

|0o> = I I K* exp(-akak*a*k)\N) 
k>0 

{0o| = IT Kk(N\exp(—ak^k^-k), 
k>0 

(4.1) 

where \N) is the iV-free-particle ground-state vector 
related to the null-particle state vector 10) by 

|AO=(iV!)-1/2(«o*)Ar|0>, (4.2) 

and where Kk and Kk are normalization constants 
satisfying 

KkKk=l-akak. (4.3) 

From (4.1) and (4.3) we obtain the expectation value, 

(0okk*^k|0o) = akak/(l—ak5k) • (4.4) 

If the whole system is in the ground state, we have 

N-N0= lim L <<£o 10k*ak I *o> (4.5) 
« -* 0 k?*0 

Replacing the sum £ k above by an integral, and then 
substituting (4.4) into (4.5), we obtain the following 
equation in terms of dimensionless quantities: 

%T 
7T 

r X OLxQLx 

lim / dx , (4.6) 
€ _ > 0 7o l — axax 

where 

with 
(4.7) 

which is the true density of the system. 
Since the T matrix is known from Sec. I l l , the two 

functions ax and ax can be written out explicitly from 
Eqs. (2.6) and (2.8). In addition to 2 \ , which is given 
explicitly by (3.10), ax and ax contain the following two 

(4.8) 

7'-matrix elements, which can be written out as follows: 

7V-k,oo= (^Trfi2a/m^lD0)(smka/ka), 

T00,k-\z= (4:ir%2a/tntiDo) cosk(a+e). 

Using these forms for the T-matrix elements and after 
some straightforward manipulation, we can rewrite 
(4.6) as 

%T 

2 r 
>-Xo2 = - / ^ x 2 [ ( l - ^ ) - 1 / 2 - l ] , (4.9) 

7T J 0 

where 

A = A4(sin2x/2x)[x2+|A2(sinxA+cosx)]-2 . (4.10) 

In Eq. (4.9) we have interchanged the limit e —> 0 and 
the integration, as a careful inspection of the integrand 
shows that this interchange is allowed. 

The integral in (4.9) is calculated by numerical pro­
cedures for A2<13 and the results are shown in Fig. 3, 
which is a plot of x0

2 versus A2. We see that in general x0
2 

deviates very little from xT
2 for a range of values of the 

screening factor. In other words, although the particles 
interact with each other, a very large fraction of them 
still remain at the zero-momentum state. Hence, the de­
pletion effect is not important in the present calculation. 

V. EXCITATION SPECTRUM OF 
LIQUID HELIUM II 

We use the T-matrix elements of Eqs. (3.10) and (4.8) 
and obtain the excitation spectrum given by Eq. (2.11) 
as follows: 

(2ma2/fi2)Eex(x) = [x4+A2^2(sinx/x+cosx) 
+iA 4 (cosx-s inx/x) 2 ] 1 / 2 . (5.1) 

Comparing this with Eq. (5.1) in Ref. 10, we see that 
the two excitation spectra are identical, except that the 
constant x0

2 in Ref, 10 is now replaced by A2. This is an 
expected result, since x0

2=87ra3p0 is a dimensionless 
quantity which characterizes the interaction strength, 
and which must get modified when we have taken into 
account the structure of the interaction vertex in the 
T-matrix formalism. A plot of Eex versus x given by 
Eq. (5.1) can be found in Fig. 1 of Ref. 10 with the re­
placement of x0

2 by A2, and it is not to be reproduced 
here. 

P 
i 

K z \ 
AT^ 

_ 11 

IO 

FIG. 3. Dependence of the depletion effect on the interaction 
strength. The definitions for XT2, XQ

2, and A2 are contained in the 
text. 
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FIG. 4. Calculated excitation spectrum in liquid helium is com­
pared with the experimental curve of Henshaw and Woods. The 
dashed portion of the curve represents extrapolation from the 
experimental data. 

For liquid helium, the density p is equal to (3.6 A) - 3 

and the hard-core diameter a is taken as 2.1 A. The 
choice of the value for a is consistent with the diam­
eter of the repulsive core of about 2.5 A in the Slater-
Kirkwood12 potential. For the chosen parameters, 
#T2 = 5 .0 . Then, by superimposing the two curves in 
Fig. 2 and in Fig. 3 (centered around x0

2==5.0) together, 
we find the intersecting point at A2 =12 and o;0

2 = 4.8. 
Putting A2 =12 in Eq. (5.1) we obtain an excitation 
spectrum, which is shown in Fig. 4. In this figure we 
plot Eex versus k in which Eex is expressed in terms of 
degrees Kelvin, using the following conversion factor 
for helium: 

fi2/2ma2 = [6.06/a2(in A2)]°K. 

The experimental curve of Henshaw and Woods2 is 
also included in the same figure for comparison. 

Although the agreement between the theoretical and 
experimental spectra is only qualitative, the theoretical 
spectrum does bend over to exhibit a roton-type dip. 

VI. DISCUSSIONS 

In this section we would like to discuss the following 
points: a comparison of the present method with that 
of B-S, the validity of the pseudopotential used, and 
the approximations made in the present paper and pos­
sible improvements. 

In our calculations, we have worked with equations 
in momentum space all the way through. This is differ­
ent from the procedures of B-S, who had to transform 
the T-matrix equation to the configuration space in 
order to handle the hard-sphere interaction. But, if this 
is the only difference, we should not have gotten a dif­
ferent excitation spectrum, and a different evaluation of 
the depletion effect.9 Therefore, we examine more care-

12 J. C. Slater and J. G. Kirkwood, Phys. Rev. 37, 682 (1931). 

fully and we see that the effective two-body interaction 
which B-S used in their calculation is a screened 
5-function potential centered at r = a. In other words, 
their hard spheres are not really hard, but are capable 
of penetrating into each other. The error introduced 
by this effect has been found to be small in the fermion 
problem by Bethe and Golds tone,13 but it is evidently 
not the case for a boson system. 

Then, the question arises as to how good a replace­
ment for hard-sphere interaction is our pseudopotential 
(3.1). As discussed in Ref. 10, it is an exact replacement 
of the hard-sphere boundary condition on the two-particle 
wave function except, however, for a discrete set of 
values of the relative momentum, with which the two 
hard spheres can still penetrate each other. Then, what 
would be the errors in our results caused by this effect? 
Our answer is that there would be none, and we give a 
brief argument in support of this view in the rest of this 
paragraph. Our pseudopotential is non-Hermitian and 
at the same time has this mentioned defect. To remove 
this defect we can construct an operator A(r)P defined 
as follows: A(r) is a step function, 

A(r) = 0 if r>a, 
= 1 if r<a, 

and P is a projection operator, which projects out the 
set of states with the particular momentum eigenvalues 
we mentioned before. Then, the exact pseudopotential 
for the two-body interaction should be given by our 
pseudopotential V(r,d/dr) plus another term (it2/2m) 
XV2A(r)P. At the same time, this exact pseudopoten­
tial is hermitian. We refer to a paper by Wong14 for 
discussions on this operator. But the important point 
is that the defect of our present pseudopotential is con­
nected with its non-Hermiticity. As we have treated our 
non-Hermitian Hamiltonian by a procedure which in­
volves taking its expectation value with respect to a 
right-state vector different from its left counterpart, the 
defect of our pseudopotential has been removed in this 
process. For example, if we use our pseudopotential and 
different right- and left-state vectors to calculate the 
pair distribution function in a straightforward manner, 
the calculated distribution function vanishes for r<a, 
as it should. Since the Fourier transform of the pair 
distribution function is connected with the excitation 
spectrum as described by Feynman,3 a non-Hermitian 
pseudopotential which gives a good pair distribution 
function should also give a correct spectrum in the same 
framework. 

As far as the calculation for the many-boson system is 
concerned, we have adopted several approximations in 
addition to only summing up selected terms in the per-

13 H. A. Bethe and J. Goldstone, Proc. Roy. Soc. (London) 
A238, 551 (1957). 

14 K. W. Wong, J. Math. Phys. 5, 637 (1964). Marshall Luban 
also constructed a projection operator in his unpublished report 
for the same purpose, which is similar to that by Wong. 
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turbation series. The validity of these approximations 
has already been mentioned in Sec. I l l except the fol­
lowing one: In the two particle Green's function (3.8), 
the two particles are assumed to be excited to the inter­
mediate states from zero-momentum states. This ap­
proximation makes the screening factors Di momentum-
independent, and it seems to be a poor approximation 
especially for large momentum. However, its effect on 
the excitation spectrum can not be known until a 
numerical procedure is applied to find out the mo­
mentum dependence of Di. This investigation is pres­
ently being carried out and the results will be reported 
separately. 

In summary, we have derived an excitation spectrum 
in liquid helium in good qualitative agreement with ex­
periments by assuming a hard-sphere-model potential. 

I. INTRODUCTION 

WITH the introduction of phenomenological pair­
ing interactions, the theory of superconductivity, 

as adapted to finite systems1 is successful in explaining 
the spectra of low-lying states of many nuclei and the 
thermodynamic properties of finite metallic super­
conductors. We wish to point out that no coupling 
exists from discrete to continuum states in this theory, 
and consequently it does not approach the normal BCS2 

theory as the size of the system becomes infinite. We 
show, however, that this failure can be rectified to 
order (A/EF)2 by either (a) a generalization of the 
BCS variational-type wave function, or (b) an extension 
of the Bogoliubov principle of compensating dangerous 
diagrams. 

The BCS "integral" equation for the energy gap of 

* Supported in part by the U. S. Atomic Energy Commission 
under contract A.T. (45-1)4388, program B. 

1 S. T. Belyaev, Kgl. Danske Videnskab. Selskab, Mat. Fys. 
Medd. 31, No. 11 (1959); see also, L. S. Kisslinger and R. A. 
Sorensen, ibid. 32, No. 9 (1960); J. M. Blatt and C. J. Thompson, 
Phys. Rev. Letters 10, 332 (1963); R. C. Kennedy, L. Wilets, 
and E. M. Henley, ibid. 12, 36 (1964). 

2 T. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957). 

I t is, therefore, hopeful that by taking a more realistic 
potential for helium including an attractive tail and 
by improving some of our calculational procedures, 
mainly the momentum dependence of the screening 
factors, we may even achieve a quantitative agreement 
between the spectrum calculated from first principles 
and that from experiments. 
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a finite or infinite system is 

(a-a\V\a'-a?)Aa> 
A ^ - i Z - — — , (1) 

«' (Aat+ta'*)1* 

where | —a) denotes the single-particle state time 
reversed with respect to the state \a), and ea is the 
single-particle energy measured with respect to the 
Fermi energy EF. For a finite system, the eigenstates 
we consider are those of fermions bound in a self-
consistent single-particle potential well of dimension /. 
The energy spectrum consists of a discrete part, 
labeled by quantum numbers n, m and a continuum set 
labeled by indices k, I. Equation (1) can be separated 
as follows: 

A n = ~ I E » ' F„„ 'A n / /J3 n /— / Vnk>Ak>/Ev, (2a) 

Ak= - J I > 7 f c„,A n , /E n ,— [ VwAv/Ev , (2b) 

2 A' 
where Vaa,^(a-a\V\a'-a') and Ea= (A«2+e«2)1/2. 
Here ,/&=£*>—» {Lllirff&k, where L is the dimen-
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It is demonstrated that the standard applications of the BCS theory to finite systems does not possess the 
proper asymptotic behavior as the size of the system becomes infinite. In particular, no coupling exists from 
discrete states to those of positive energy unless the two-body potential is very strong (i.e., stronger than nu­
clear potentials). Two methods of correcting this deficiency are suggested: (a) a generalization of the BCS 
variational wave function, and (b) an extension of the Bogoliubov principle of compensating dangerous 
diagrams. 


